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Abstract 
Purpose – In structural, earthquake and aeronautical engineering and mechanical 
vibration, the solution of dynamic equation for a structure subjected to dynamic 
loading leads to a high order system of differential equations. The numerical 
methods are usually used for integration when either there is dealing with discrete 
data or there is no analytical solution for the equations. Since the numerical methods 
with more accuracy and stability give more accurate results in structural responses, 
there is a need to improve the existing methods or develop new ones. The paper 
aims to discuss these issues. 
Design/methodology/approach – In this paper, a new time integration method is 
proposed mathematically and numerically, which is accordingly applied to single-
degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) systems. Finally, 
the results are compared to the existing methods such as Newmark’s method and 
closed form solution. 
Findings – It is concluded that, in the proposed method, the data variance of each set 
of structural responses such as displacement, velocity, or acceleration in different 
time steps is less than those in Newmark’s method, and the proposed method is 
more accurate and stable than Newmark’s method and is capable of analyzing the 
structure at fewer numbers of iteration or computation cycles, hence less time-
consuming. 
Originality/value – A new mathematical and numerical time integration method is 
proposed for the computation of structural responses with higher accuracy and 
stability, lower data variance, and fewer numbers of iterations for computational 
cycles. 
Keywords Computational method, Direct time integration methods, Newmark’s 
method, Parviz’ method, Structural dynamics, Structural response 
 
Paper type Research paper 
 
1. Introduction 
Rapid improvement in the computer technologies and programming allows 
advancement in numerical techniques that could increase accuracy with minimum 
computational effort. Numerical methods are widely used to solve the complicated 
or repetitious problems in many fields employing computer instruments. 
In science and engineering fields, more accuracy and less computational time is 
essential. One of the most effective ways to achieve this is to modify and improve 
the existing methods or propose new methods so as to reduce the number of 
computational cycles.  
Practically, achieving exact solution for structural dynamic equation is always 
difficult and time-consuming, which mainly depends on the type of structures and 
dynamic loads. However, the exact solution of this equation is not necessary because 
of the discrete nature of the external dynamic force. One of the external dynamic 
forces applied on a structure usually comes from a time-dependent earthquake 
recorded at regular discrete time points. 
 
Most researchers use direct numerical methods to solve the structural dynamic 
equation. The direct numerical methods deals with solving the structural dynamic 
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equation directly without transformation to another form (Bathe, 1990). These 
methods can be classified into three classes;  
(1) explicit;  
(2) implicit; and  
(3) implicit-explicit methods (Bathe, 1990; Bajer, 2002).  
In the Explicit methods, such as central difference method (CDM) and Newmark 
(ߚ ൏ ଵସ ) (Logan, 2001; Bajer, 2002; Newmark, 1959), the equilibrium conditions are 
used at time t and the effective stiffness matrix is not factorized in step-by-step 
solution, where ߚ is a constant coefficient. The calculation of any structural response 
at time ݐ ൅ ∆ݐ is expressed in terms of structural responses at time ∆ݐ.  
In the implicit methods, the equilibrium conditions are used at time	ݐ ൅ ∆ݐ and 
effective stiffness matrix is factorized in step-by-step solution. The calculation of 
any structural response at time ݐ ൅ ∆ݐ can be expressed in terms of structural 
responses at time ݐ ൅ ∆ݐ (Williams, 2007). Some of these methods are Euler, Crank-
Nicolson, Trapezoidal rule (Kim, et al., 1997), Newmark (ߚ ≫ ଵସ ) (Newmark, 
1959), Runge-Kutta, Adams, Newmark-Bossak (Wood, et al. 1981), Wilson-ߠ and 
Houbolt (Bajer, 2002: Hibler, et al. 1977). 
The implicit- explicit methods are the mix of two afore-mentioned methods with 
the mixed features. Some of these methods are Park-Housner (Park, 1977; Park and 
Housner, 1982) and Trujillo (Truhillo, 1977; Bajer, 2002). To be familiar with some 
of these direct numerical methods, three common methods in the structural 
engineering field 
(1) CDM;  
(2) Wilson-ߠ; and  
(3) Newmark are reviewed (Coyette, 1987; Rezaiee-Pajand and Alamatian, 
2008; Negrut, et al., 2002; Rama Mohan Rao et al., 2004). 
The Newmark’s method is known as a linear acceleration method. There are two 
constant parameters; ߚ	and	ߛ  that control the accuracy and stability of the method 
(Bathe and Wilson, 1973; Ortiz, et al. 1988; Lopez, 2006). The method can be 
implicit or explicit depending on the value of β (Wilson, et al. 1973; Chang, 2004; 
Bardella and Genna, 2005).  
None of the available numerical methods exactly represents the real responses of 
the structures in terms of displacement, velocity and acceleration. A few methods 
such as Wilson-ߠ, CDM and Newmark’s methods give results which overestimate 
the velocity and acceleration. Some of them such as CDM have limitation on value 
of time steps and most of them such as Wilson-ߠ are time consuming in computation 
procedure and occupy a lot of computer memory. For example, CDM and 
Newmark’s methods are sometimes unstable and divergent. 
Newmark’s method is one of the popular methods widely used in science and 
structural engineering field as a computational technique. Although it results in an 
acceptable solution for nonlinear continuum mechanic problems as compared to 
other methods like CDM, its stability and accuracy is still not enough for 
engineering purposes. Also, its computational cost is not quite reasonable.  
Hence, there is a need to improve upon the existing methods or propose a new 
numerical integration scheme of dynamic equation for the analysis of the structures. 
Thus, the main aim of this study is to offer a new numerical time integration scheme 
with high accuracy and stability to compute the dynamic responses of the structure 
including the displacement, velocity and acceleration at any time step. The propose 
method should also be capable of overcoming the deficiencies of the existing 
methods.  
The results of the proposed methods in the present study show that it is more 
accurate than Newmark’s method and converges in fewer numbers of iteration at 
any value of time step.  
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2. Methodology 
Nearly all proposed numerical methods for solving the structural dynamic equation 
are originated from mathematics. There are some differences between the basic 
equations of each method. In the present study, it is assumed that the acceleration 
between two consequent time stems is not linear and the procedure involves four 
major parts as follow:  
(1) Mathematical formulations. 
(2) Combination of mathematical and dynamic formulations to get the structural 
responses using item (1).  
(3) Transformation of the formulation in matrix notation 
(4) Verification  
 
2.1 Mathematical formulations 
Mathematically, the velocity and acceleration of a structure under dynamic load can 
be considered as first and second derivative of displacement, respectively. The 
displacement at time  ݐ ൅ ∆ݐ  is expressed in terms of displacement, velocity and 
acceleration at time  ∆ݐ. The third derivative of displacement at time  ∆ݐ uses 
Taylor’s series expansions (Leithold, 1976). Similar equations can be written for 
velocity and acceleration using Taylor’s series expansions, respectively. Based on 
Taylor’s series expansion of acceleration, the first three terms are included in the 
proposed method, whereas only the first two terms are considered in Newmark’s 
method. Also, for acceleration between any two consequent time steps, a second 
order parabolic curve is considered. 
To determine the coefficients of parabola, first and second derivatives of the 
assumed parabolic equation are adapted with third and fourth derivatives of 
displacement in Taylor’s series expansions. Another equation is employed to create 
a system of simultaneous linear equations from the concept of the fundamental 
theorem of Calculus. After the evaluation of linear dependence, the integrated 
system of simultaneous linear equations is solved using successive substitution 
method (SSM). Then, by applying two coefficients of ߚ	and ߛ in separate equations, 
the equations of displacement, velocity and acceleration are obtained.  
 
2.2 Combination of mathematical and dynamic equations 
In the next step, the mathematical formulations and the general equilibrium equation 
of structural dynamics are combined together. The displacement equation can be 
obtained at time ݐ ൅ ∆ݐ as a function of the equivalent force and equivalent stiffness. 
 
2.3 Transformation of the formulations in matrix notation 
All structural responses are then substituted in the general equation of structural 
dynamics at time ݐ ൅ ∆ݐ in order to get the new equations to express them in matrix 
notation. Afterwards, a comparison is made between the proposed method and 
Newmark’s method with regard to formulations and coefficients. 
 
2.4 Verification  
Finally, two illustrative numerical examples which represent the typical SDOF and 
MDOF systems are explained and discussed. In each example, calculation of 
structural responses from both Newmark’s and the proposed method are given and 
compared to the exact values of analytical solution. All computational operations 
including both approximate methods and analytical solution are performed using 
some simple programs written in FORTRAN language (Smith, 1995; Nyhoff and 
4 
 
Leestma, 1997). The overall flowchart of the proposed methodology is also shown in 
Figure 1. 
3. Formulation of the proposed method 
The proposed method is fundamentally based on Newmark’s method (see Appendix 
A). Newmark assumed the variation between the two intervals of time as linear, 
whereas, in the proposed method, the equation of acceleration between two 
consequent time steps is considered as a second order curve. From Taylor’s series 
(Leithold, 1976; Pedersen, 2004): 
 
                                   ௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ∆௧
మ
ଶ! ሷܷ ௧ ൅
∆௧య
ଷ! ሸܷ௧                                     (1) 
 
                                         ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൅ ∆௧
మ
ଶ! ሸܷ௧                                             (2)   
 
To improve the accuracy, the acceleration between two consecutive time steps is 
assumed as shown in Figure 2 and expressed by: 
 
                                                ሷܷ ௧ ൌ ܣݐଶ ൅ ܤݐ ൅ ܥ                                                   (3) 
 
where: 
ሷܷ ௧ is the acceleration at time t. 
A, B and C are the constant coefficients of the parabola that are unknown and 
should be determined ( ܣ ് 0). 
 
First and second derivatives of Uሷ ୲	 in equation (3) lead to the following equations: 
 
                                                      ሸܷ௧ ൌ 2ܣݐ ൅ ܤ                                                      (4) 
 
                                                        ௧ܷ
ሺସሻ ൌ 2ܣ                                                          (5) 
 
Rewriting equations (1) and (2) using equation (4), respectively: 
 
                               ௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ∆௧
మ
ଶ! ሷܷ ௧ ൅
∆௧య
ଷ! ሺ2ܣݐ ൅ ܤሻ                            (6) 
 
                                     ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൅ ∆௧
మ
ଶ! ሺ2ܣݐ ൅ ܤሻ                                    (7) 
 
From the Taylor’s series expansions, the equation of the acceleration at time t ൅ ∆t 
can be written: 
 
                                         ሷܷ ௧ା∆௧ ൌ ሷܷ ௧ ൅ ∆ݐ ሸܷ௧ ൅ ∆௧
మ
ଶ! ௧ܷ
ሺସሻ ൅ ⋯	                                 (8) 
 
From equations (4) and (5), the above equation can be written as below by retaining 
the first three terms: 
 
                                      ሷܷ ௧ା∆௧ ൌ ሷܷ ௧ ൅ ∆ݐሺ2ܣݐ ൅ ܤሻ ൅ ∆௧
మ
ଶ! ሺ2ܣሻ                               (9) 
 
The fundamental theorem of Calculus gives (Leithold, 1976):  
 
                                              ׬ ݂ሺݔሻ݀ݔ ൌ ܩሺܾሻ െ ܩሺܽሻ௕௔                                        (10) 
 
where  ܩሶ ሺݔሻ ൌ ݂ሺݔሻ. 
Let ݂ሺݔሻ ൌ ሷܷ ௧  then  ܩሺݐሻ ൌ ሶܷ௧  and: 
 
                                                ׬ ሷܷ௧݀ݐ ൌ௧ା∆௧௧ ሶܷ ௧ା∆௧ െ ሶܷ ௧                                         (11) 
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Substituting equation (3) into equation (11). 
Hence: 
          
                                    ׬ ሺܣݐଶ ൅ ܤݐ ൅ ܥሻ݀ݐ ൌ௧ା∆௧௧ ሶܷ ௧ା∆௧ െ ሶܷ ௧                                (12) 
 
Calculating the left side: 
 
                                   ሾଵଷ ܣݐଷ ൅
ଵ
ଶ ܤݐଶ ൅ ܥݐሿ௧௧ା∆௧ ൌ ሶܷ ௧ା∆௧ െ ሶܷ ௧	                              (13) 
 
After simplification of the left side: 
 
                   ܣ ቀݐଶ∆ݐ ൅ ݐ∆ݐଶ ൅ ∆௧యଷ ቁ ൅ ܤ ቀݐ∆ݐ ൅
∆௧మ
ଶ ቁ ൅ ܥ∆ݐ ൌ ሶܷ௧ା∆௧ െ ሶܷ ௧            (14)    
 
4. Generating a system of equations 
To obtain the equations of the responses of the structure at any time in terms of ∆ݐ 
from the previous equations, a set of equation is required to generate a system. Thus 
equations (14), (9), (3) and (7) are rewritten as:  
      
ە
ۖۖ
ۖۖ
ۖ
۔
ۖۖ
ۖۖ
ۖ
ۓ
	
ܣ ቀݐଶ∆ݐ ൅ ݐ∆ݐଶ ൅ ∆௧యଷ ቁ ൅ ܤ ቀݐ∆ݐ ൅
∆௧మ
ଶ ቁ ൅ ܥ∆ݐ ൌ ሶܷ௧ା∆௧ െ ሶܷ ௧											ሺܽሻ
ሷܷ ௧ା∆௧ ൌ ሷܷ ௧ ൅ ∆ݐሺ2ܣݐ ൅ ܤሻ ൅ ∆௧
మ
ଶ! ሺ2ܣሻ																																																	ሺܾሻ
ሷܷ ௧ ൌ ܣݐଶ ൅ ܤݐ ൅ ܥ																																																																																					ሺܿሻ
ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൅ ∆௧
మ
ଶ! ሺ2ܣݐ ൅ ܤሻ																																																							ሺ݀ሻ
	
       (15) 
Arranging the equations of the system based on variables	ܣ,	ܤ,	ܥ and  ሶܷ ௧ା∆௧:  
 
    
ە
ۖ
ۖۖ
ۖ
۔
ۖۖ
ۖ
ۖ
ۓ
	
	ܣ ቀݐଶ∆ݐ ൅ ݐ∆ݐଶ ൅ ∆௧యଷ ቁ ൅ ܤ ቀݐ∆ݐ ൅
∆௧మ
ଶ ቁ ൅ ܥ∆ݐ െ ሶܷ௧ା∆௧ ൅ ሶܷ ௧ ൌ 0						ሺܽሻ
ܣሺ2ݐ∆ݐ ൅ ∆ݐଶሻ ൅ ܤ∆ݐ െ ሷܷ௧ା∆௧ ൅ ሷܷ ௧ ൌ 0																																																	ሺܾሻ
ܣݐଶ ൅ ܤݐ ൅ ܥ െ ሷܷ௧ ൌ 0																																																																															ሺܿሻ
ܣሺݐ∆ݐଶሻ ൅ ܤ ∆௧మ	ଶ െ ሶܷ ௧ା∆௧ ൅ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൌ 0																																													ሺ݀ሻ
			
    (16) 
 
Equations system (16) is a set of simultaneous linear equation with constant 
coefficients and four unknowns containing the afore-mentioned variables. 
 
5. Testing the linear dependence of the system of equations 
Before solving the above system, the linear dependence of the system of equations 
should be tested. Since it is proved that there is no linear dependence among the 
equations of the system, there will be a unique solution using the SSM (Curtis, 1984; 
Sterling, 2009).  
 
6. Successive substitution method 
A common technique to solve equations system (16) is the SSM. This gives: 
 
                                                 ܥ ൌ ሷܷ௧ െ ܣݐଶ െ ܤݐ                                                (17) 
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Substituting equation (17) in equation (16(a)):  
 
ܣ ቀݐଶ∆ݐ ൅ ݐ∆ݐଶ ൅ ∆௧యଷ ቁ ൅ ܤ ቀݐ∆ݐ ൅
∆௧మ
ଶ ቁ ൅ ∆ݐ ሷܷ ௧ െ ܣݐଶ∆ݐ െ ܤݐ∆ݐ െ ሶܷ௧ା∆௧ ൅ ሶܷ ௧ ൌ 0	                                            
                                                                                                                                 (18) 
After simplifying:  
 
                      ܣ ቀݐ∆ݐଶ ൅ ∆௧యଷ ቁ ൅ ܤ
∆௧మ
ଶ ൅ ∆ݐ ሷܷ ௧ െ ሶܷ ௧ା∆௧ ൅ ሶܷ ௧ ൌ 0                           (19) 
 
Then, equations (19), (16(b)) and (d) are considered as a new set of simultaneous 
linear equations and are solved as follow: 
 
                
ە
ۖۖ
۔
ۖۖ
ۓܣ ቀݐ∆ݐଶ ൅ ∆௧
య
ଷ ቁ ൅ ܤ
∆௧మ
ଶ ൅ ∆ݐ ሷܷ ௧ െ ሶܷ ௧ା∆௧ ൅ ሶܷ ௧ ൌ 0			ሺܽሻ
ܣሺ2ݐ∆ݐ ൅ ∆ݐଶሻ ൅ ܤ∆ݐ െ ሷܷ ௧ା∆௧ ൅ ሷܷ ௧ ൌ 0																		ሺܾሻ
ܣሺݐ∆ݐଶሻ ൅ ܤ ∆௧మ	ଶ െ ሶܷ ௧ା∆௧ ൅ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൌ 0													ሺܿሻ
                      (20) 
 
To verify the system (20), the previous mathematical procedure used for system (16) 
is applied. The variables are A, B and	 ሶܷ ௧ା∆௧. There is no linear dependence among 
the equations in system (20), which confirms the existence of a unique solution for 
the system (Curtis, 1984; Sterling, 2009). 
 
7. Solution of the system of equations 
By taking the variable B from equation (20(a)) in terms of other variables: 
 
                           ܤ ൌ ଶ∆௧మ ሾ൫ ሶܷ ௧ା∆௧ െ ሶܷ ௧൯ െ ∆ݐ ሷܷ ௧ െ ܣ ቀݐ∆ݐଶ ൅
∆௧య
ଷ ቁሿ                       (21) 
 
Similarly, the variable ሷܷ ௧ା∆௧ from equation (20(b)) in terms of other parameters is 
given by: 
 
                                	 ሷܷ ௧ା∆௧ ൌ ሷܷ ௧ ൅ 	ܣሺ2ݐ∆ݐ ൅ ∆ݐଶሻ ൅ ܤ∆ݐ                                  (22) 
 
Rewriting the above equation after substituting B and simplifying as follow: 
 
                                  ሷܷ ௧ା∆௧ ൌ ଵଷ ܣ∆ݐଶ െ ሷܷ௧ ൅
ଶ
∆௧ ሺ ሶܷ ௧ା∆௧ െ ሶܷ ௧ሻ                                (23) 
 
Getting variable A from equation (23): 
 
                                  ܣ ൌ ଷ∆௧మ ൫ ሷܷ ௧ା∆௧ ൅ ሷܷ ௧൯ െ
଺
∆௧య ൫ ሶܷ ௧ା∆௧ െ ሶܷ ௧൯                             (24) 
 
Substituting A from equation (24) into equation (21) and simplifying: 
 
                  ܤ ൌ െ ଶ∆௧ ሷܷ ௧ െ
଺௧ାଶ∆௧
∆௧మ ൫ ሷܷ ௧ା∆௧ ൅ ሷܷ ௧൯ ൅
ଵଶ௧ା଺∆௧
∆௧య ൫ ሶܷ ௧ା∆௧ െ ሶܷ ௧൯                 (25) 
 
Then, determining the term 2At+B by substituting the amount of variables A and B 
from equations (24) and (25) and simplifying: 
 
                   2ܣݐ ൅ ܤ	 ൌ െ ଶ∆௧ ሷܷ ௧ െ
ଶ
∆௧ ൫ ሷܷ ௧ା∆௧ ൅ ሷܷ ௧൯ ൅
଺
∆௧మ ൫ ሶܷ ௧ା∆௧ െ ሶܷ ௧൯                 (26)  
 
Rewriting the equation (20(c)) in ሶܷ ௧ା∆௧: 
 
                                  ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൅ ∆௧
మ
ଶ ሺ2ܣݐ ൅ ܤሻ                                     (27) 
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Taking ߛ ൌ 1/2 as a controller constant coefficient and substituting it in equation 
(27) gives: 
 
                                ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ∆ݐ ሷܷ ௧ ൅ ߛ∆ݐଶሺ2ܣݐ ൅ ܤሻ                                    (28) 
 
Substituting equation (26) into equation (28) and simplifying: 
 
                           ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ଵିସఊଵି଺ఊ ∆ݐ ሷܷ ௧ െ
ଶఊ
ଵି଺ఊ ∆ݐ ሷܷ ௧ା∆௧                                      (29) 
 
The solution of the group equation is finalized and variables A, B, C and ሶܷ ௧ା∆௧  are 
known. The value of  ሷܷ ௧ା∆௧ can be found out by rewriting equation (6) and taking  ߚ ൌ 1/3 as another controller constant coefficient: 
 
                           ௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ∆௧
మ
ଶ! ሷܷ ௧ ൅ ߚ∆ݐଷሺ2ܣݐ ൅ ܤሻ                          (30) 
 
Substituting the term 2At+B from equation (26) and simplifying yields to: 
 
               ௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ሺଵଶ൅
ଶఉ
ଵି଺ఊሻሺ∆ݐሻଶ ሷܷ ௧ െ
ଶఉ
ଵି଺ఊ ሺ∆ݐሻଶ ሷܷ ௧ା∆௧                  (31) 
 
Determining ሷܷ ௧ା∆௧ from equation (31): 
 
               ሷܷ ௧ା∆௧ ൌ െ ଵି଺ఊଶఉ∆௧మ ሾ ௧ܷା∆௧ െ ௧ܷ െ ሺ∆ݐሻ ሶܷ ௧ െ ሺ
ଵ
ଶ൅
ଶఉ
ଵି଺ఊሻሺ∆ݐሻଶ ሷܷ ௧ሿ                (32) 
 
 It is obvious that the resulting set of equations (30)-(32) is dependent on ∆ݐ . 
 
8. Dynamic equations of the proposed method 
The main target is to obtain a set of equations to get the structural responses 
including displacement, velocity and acceleration at any time step. In the following 
section mathematical equations in context of the structural dynamic are formulated. 
 
8.1 Without damping 
To evaluate  ௧ܷା∆௧, multiplying equation (31) by mass matrix	ሾܯሿ: 
 
  ሾܯሿ ௧ܷା∆௧ ൌ ሾܯሿ ௧ܷ ൅ ∆ݐሾܯሿ ሶܷ ௧ ൅ ൅ሺଵଶ൅
ଶఉ
ଵି଺ఊሻ∆ݐଶሾܯሿ ሷܷ ௧ െ
ଶఉ
ଵି଺ఊ ∆ݐଶሾܯሿ ሷܷ ௧ା∆௧   (33) 
 
Getting ሷܷ ௧ା∆௧ from dynamic equation at time ݐ ൅ ∆ݐ: 
 
                                 ሾܯሿ ሷܷ ௧ା∆௧ ൅ ሾܭሿ ௧ܷା∆௧ ൌ ܨ௧ା∆௧                                              (34a) 
 
                               ሷܷ ௧ା∆௧ ൌ ሾܯሿିଵሼܨ௧ା∆௧ െ ሾܭሿ ௧ܷା∆௧ሽ                                         (34b) 
 
Substituting equation (34) into equation (33) and combining similar terms: 
 
ቄሾܯሿ െ ଶఉଵି଺ఊ ∆ݐଶሾܭሿቅ ௧ܷା∆௧ ൌ
െ ଶఉଵି଺ఊ ∆ݐଶܨ௧ା∆௧ ൅ ሾܯሿ ቄ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ൅ሺ
ଵ
ଶ൅
ଶఉ
ଵି଺ఊሻ∆ݐଶ ሷܷ ௧ቅ                                     (35) 
 
The above equation can be rewritten in the simple form as follow: 
  
                                                     ௧ܷା∆௧ ൌ ܨ௧ା∆௧∗ ሼሾܭሿ∗ሽିଵ                                       (36) 
 
where: 
 
                       ܨ௧ା∆௧∗ ൌ ܨ௧ା∆௧ െ ሾெሿሺଵି଺ఊሻଶఉ∆௧మ ሾ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ሺ
ଵ
ଶ൅
ଶఉ
ଵି଺ఊሻ∆ݐଶ ሷܷ ௧ሿ              (37) 
 
and:  
8 
 
                                                ሾܭሿ∗ ൌ ሾܭሿ െ ሾெሿሺଵି଺ఊሻଶఉ∆௧మ                                             (38) 
 
8.2 Matrix notation of formulation in the proposed method  
Substituting ሷܷ ௧ା∆௧ from equation (32) into equation (29) gives the following 
expression (Wilson, 1962): 
 
        ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ଵିସఊଵି଺ఊ ∆ݐ ሷܷ ௧ ൅
ఊ
ఉ∆௧ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧ െ ሺ
ଵ
ଶ൅
ଶఉ
ଵି଺ఊሻ∆ݐଶ ሷܷ ௧ሿ       (39) 
 
Writing the dynamic equation in general form at time ݐ ൅ ∆ݐ by using equations (32) 
and (39) and simplifying: 
 
ቄሾܯሿሺെ ଵି଺ఊଶఉ∆௧మሻ ൅ ሾܥሿ
ఊ
ఉ∆௧ ൅ ሾܭሿቅ ௧ܷା∆௧ ൌ ܨ௧ା∆௧ ൅ ሾܯሿ ቄሺെ
ଵି଺ఊ
ଶఉ∆௧మሻ ௧ܷ െ
ଵି଺ఊ
ଶఉ∆௧ ሶܷ ௧ ൅
ሺ଺ఊିଵସఉ െ 1ሻ ሷܷ ௧ቅ ൅ ሾܥሿ ቄ
ఊ
ఉ∆௧ ௧ܷ ൅ ሺ
ఊ
ఉ െ 1ሻ ሶܷ ௧ ൅
∆௧
ଶ ሺ
ఊ
ఉ െ 2ሻ ሷܷ ௧ቅ                                    (40) 
 
Denoting ߙ଴ ൌ െሺ1 െ 6ߛሻ/ሺ2ߚ∆ݐଶሻ, ߙଵ ൌ ߛ/ሺߚ∆ݐሻ, ߙଶ ൌ െሺ1 െ 6ߛሻ/ሺ2ߚ∆ݐሻ, ߙଷ ൌ ሺ6ߛ െ 1ሻ/ሺ4ߚሻ െ 1, ߙସ ൌ ߛ/ߚ െ 1, ߙହ ൌ ∆ݐሺߛ/ߚ െ 2ሻ/2,	ߙ଺ ൌ ሺ1 െ4ߛሻ∆ݐ/ሺ1 െ 6ߛሻ and ߙ଻ ൌ െ2ߛ∆ݐ/ሺ1 െ 6ߛሻ equation (40) can be rewritten in the 
following form: 
 
                                                    ௧ܷା∆௧ ൌ ܨ௧ା∆௧∗ ሼሾܭሿ∗ሽିଵ                                        (41) 
 
where, ܨ௧ା∆௧∗  is effective load vector at time ݐ ൅ ∆ݐ and ሾܭሿ∗ is effective stiffness as 
follows:   
        
         ܨ௧ା∆௧∗ ൌ ܨ௧ା∆௧ ൅ ሾܯሿሾߙ଴ ௧ܷ ൅ ߙଶ ሶܷ ௧ ൅ ߙଷ ሷܷ ௧ሿ ൅ ሾܥሿሾߙଵ ௧ܷ ൅ ߙସ ሶܷ ௧ ൅ ߙହ ሷܷ ௧ሿ   (42)  
  
and: 
 
                                        ሾܭሿ∗ ൌ ߙ଴ሾܯሿ ൅ ߙଵሾܥሿ ൅ ሾܭሿ                                         (43)   
 
Expression for acceleration and velocity based on the above coefficients can be 
rewritten as:  
  
                               ሷܷ ௧ା∆௧ ൌ ߙ଴ሺ ௧ܷା∆௧ െ ௧ܷሻ െ ߙଶ ሶܷ ௧ െ ߙଷ ሷܷ ௧                                 (44) 
 
                                       ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ߙ଺ ሷܷ ௧ ൅ ߙ଻ ሷܷ ௧ା∆௧                                         (45) 
 
9. Computational procedure of the proposed method for structural dynamics 
problems 
 
The computational steps mainly involved two major parts: 
 
9.1 Initial calculation 
 
     1) Starting from ݐ ൌ 0, ܷ଴ is known from the given boundary conditions of 
displacements of the structure and Uሶ ଴ in known from the initial velocity 
conditions. 
 
2) Solve the equation (34) at ݐ ൌ 0 for ሷܷ ଴; 
 
                  ሷܷ ଴ ൌ ሾܯሿିଵሼܨ଴ െ ሾܥሿ ሶܷ଴ െ ሾܭሿܷ଴ሽ            
                                              
When  ሷܷ ଴ is given from the initial acceleration condition of the structure, instead of 
calculation from above equation, it is used directly. 
 
9.2 Each time step  
9 
 
3) Solve equation (41) for ଵܷ using ܷ଴, ሶܷ ଴ and ሷܷ ଴ from the previous steps. Also, 
from the external force function, the value of ܨ௜ାଵ is known at all time steps. 
4) Solve equation (44) to get ሷܷ ଵ. 
5) Solve equation (45) to determine velocity ሶܷ ଵ. 
6) Go back to step (3) repeat steps (3)-(6) cycle to get all displacements, 
accelerations and velocities in other time steps. 
 
The flowchart of general process is shown in Figure 3. 
 
10. Comparison of the proposed method and Newark’s method 
Proposing the present method was carried out at two stages;  
 
 Stage I. Which deals with mathematical equations. 
 Stage II: which deals with structural dynamic equation.  
Hence, at both stages comparison is made between the proposed and Newmark’s 
methods as follows. 
 
10.1 Stage I: Mathematical equations 
The comparison of formulations of the two methods at this stage is made in Table 1. 
It is seen from this table that the equation of displacement in both Newmark’s and 
the proposed method includes four terms that refers to the number of considered 
terms in Taylor’s series expansions in each methods. 
However, most of the constant coefficients are different. Especially in the 
equations of the accelerations, all of the constant coefficients are completely 
different. Also, in the Newmark’s method, the displacement and acceleration are 
only the function of	ߚ, whereas in the proposed method the structural responses are 
related to both ߚ	and ߛ, which justifies the accuracy of the proposed method.  
 10 
 
Table 1: Comparison of mathematical formulations of the two methods (Stage I) 
No. Structural response Newmark’s method Proposed method  Remarks 
 
 
1 
 
 
Displacement 
௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ሺ12െߚሻ∆ݐ
ଶ ሷܷ ௧
൅ ߚ∆ݐଶ ሷܷ ௧ା∆௧ 
௧ܷା∆௧ ൌ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ሺ12൅
2ߚ
1 െ 6ߛሻ∆ݐ
ଶ ሷܷ ௧
െ 2ߚ1 െ 6ߛ ∆ݐ
ଶ ሷܷ ௧ା∆௧ 
In the proposed method, the displacement 
varies with both coefficients ߚ and ߛ, but, in 
Newmark’s method it changes with ߚ. 
2 Velocity ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ሺ1 െ ߛሻ∆ݐ ሷܷ ௧ ൅ ߛ∆ݐ ሷܷ ௧ା∆௧ ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ 1 െ 4ߛ1 െ 6ߛ ∆ݐ ሷܷ ௧ െ
2ߛ
1 െ 6ߛ ∆ݐ ሷܷ ௧ା∆௧ 
Although in both methods the velocity 
changes with ߛ, but the relationships are 
different. 
 
 
3 
 
 
Acceleration ሷܷ ௧ା∆௧ ൌ 1ߚ∆ݐଶ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧
െ ሺ12െߚሻ∆ݐ
ଶ ሷܷ ௧ሿ 
ሷܷ ௧ା∆௧ ൌ െ1 െ 6ߛ2ߚ∆ݐଶ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧
െ ሺ12൅
2ߚ
1 െ 6ߛሻ∆ݐ
ଶ ሷܷ ௧ሿ 
In the proposed method, the acceleration is a 
function of both coefficients ߚ and ߛ, but in 
Newmark’s method it only varies with ߚ. 
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10.2 Stage II: Structural dynamic equations  
The second stage is presented in two parts, namely.  
 
10.2.1 Without damping. Regardless of the effect of damping, the equations of 
acceleration, velocity and displacement are presented and compared in Table 2.  
 
10.2.2 With damping. The second set of the structural formulas representing the 
behavior of the structure general form (with damping) typically are the same in the 
two methods as far as the equations are concerned, but most of the constant 
coefficients are different, as shown in Table 3: 
 
                                                     ௧ܷା∆௧ ൌ ܨ௧ା∆௧∗ ሼሾܭሿ∗ሽିଵ                                       (46) 
 
where: 
 
       ܨ௧ା∆௧∗ ൌ ܨ௧ା∆௧ ൅ ሾܯሿሾߙ଴ ௧ܷ ൅ ߙଶ ሶܷ ௧ ൅ ߙଷ ሷܷ ௧ሿ ൅ ሾܥሿሾߙଵ ௧ܷ ൅ ߙସ ሶܷ ௧ ൅ ߙହ ሷܷ ௧ሿ     (47)   
       
and:    
 
                                         ሾܭሿ∗ ൌ ߙ଴ሾܯሿ ൅ ߙଵሾܥሿ ൅ ሾܭሿ                                        (48) 
  
                                  ሷܷ ௧ା∆௧ ൌ ߙ଴ሺ ௧ܷା∆௧ െ ௧ܷሻ െ ߙଶ ሶܷ ௧ െ ߙଷ ሷܷ ௧                              (49)   
                                
                                       ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ߙ଺ ሷܷ ௧ ൅ ߙ଻ ሷܷ ௧ା∆௧                                         (50)                                
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Table 2: Comparison of the improved and Newmark’s formulations (Stage II)  
No Structural response Newmark’s method Improved method Remarks 
 
 
 
1 
 
 
 
Displacement 
௧ܷା∆௧ ൌ ܨ௧ା∆௧∗ ሼሾܭሿ∗ሽିଵ ௧ܷା∆௧ ൌ ܨ௧ା∆௧∗ ሼሾܭሿ∗ሽିଵ The equation of displacement in both methods is typically the same. 
ܨ௧ା∆௧∗ ൌ ܨ௧ା∆௧ ൅
ሾܯሿ
ߚ∆ݐଶ ሾ ௧ܷ ൅ ∆ݐ ሶܷ ௧
൅ ሺ12െߚሻ∆ݐ
ଶ ሷܷ ௧ሿ 
ܨ௧ା∆௧∗ ൌ ܨ௧ା∆௧ െ
ሾܯሿሺ1 െ 6ߛሻ
2ߚ∆ݐଶ ሾ ௧ܷ ൅ ∆ݐ ሶܷ ௧
൅ ሺ12൅
2ߚ
1 െ 6ߛሻ∆ݐ
ଶ ሷܷ ௧ሿ 
In the proposed method, the 
effective load vector is related to 
both  ߚ and ߛ. 
ሾܭሿ∗ ൌ ሾܭሿ ൅ ሾܯሿߚ∆ݐଶ ሾܭሿ
∗ ൌ ሾܭሿ െ ሾܯሿሺ1 െ 6ߛሻ2ߚ∆ݐଶ  
In the proposed method, the 
effective stiffness is related to both  
ߚ and ߛ. 
2 Velocity ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ሺ1 െ ߛሻ∆ݐ ሷܷ ௧ ൅ ߛ∆ݐ ሷܷ ௧ା∆௧ ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅
1 െ 4ߛ
1 െ 6ߛ ∆ݐ ሷܷ ௧ െ
2ߛ
1 െ 6ߛ ∆ݐ ሷܷ ௧ା∆௧ As Table 1. 
 
 
3 
 
 
Acceleration ሷܷ ௧ା∆௧ ൌ 1ߚ∆ݐଶ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧
െ ሺ12െߚሻ∆ݐ
ଶ ሷܷ ௧ሿ 
ሷܷ ௧ା∆௧ ൌ െ1 െ 6ߛ2ߚ∆ݐଶ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧
െ ሺ12൅
2ߚ
1 െ 6ߛሻ∆ݐ
ଶ ሷܷ ௧ሿ 
As Table 1. 
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Table 3: Comparison of constant coefficients of formulations in the two methods 
No. Coefficient Newmark’s method Proposed method 
1 ߙ଴ 1ߚ∆ݐଶ െ
1 െ 6ߛ
2ߚ∆ݐଶ  
2 ߙଵ* 
ߛ
ߚ∆ݐ 
ߛ
ߚ∆ݐ 
3 ߙଶ 1ߚ∆ݐ െ
1 െ 6ߛ
2ߚ∆ݐ  
4 ߙଷ 12ߚ െ 1 
6ߛ െ 1
4ߚ െ 1 
5 ߙସ* 
ߛ
ߚ െ 1 
ߛ
ߚ െ 1 
6 ߙହ* ∆ݐ2 ሺ
ߛ
ߚ െ 2ሻ 
∆ݐ
2 ሺ
ߛ
ߚ െ 2ሻ 
7 ߙ଺ ∆ݐሺ1 െ ߛሻ 1 െ 4ߛ1 െ 6ߛ ∆ݐ 
8 ߙ଻ ߛ∆ݐ െ 2ߛ1 െ 6ߛ ∆ݐ 
      * Same in both methods.
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11. Special feature of the proposed method  
Under specific case, where ߛ ൌ 1/2, this method will be identically converted to 
that of Newmark’s method. This adaption is included either the coefficients or the 
equations. 
 
12. Comparison of the domain of coefficients ࢼ	܉ܖ܌	ࢽ 
As pointed out earlier, two constant coefficients ߚ	and	ߛ are used in both Newmark 
and proposed methods to control the stability and accuracy of the methods.  
Actually, in both Newmark’s and the proposed methods ߚ → 1/3 and ߛ → 1/2, 
but even when ߚ ൌ 1/3 or	ߛ ൌ 1/2, the exact solution of dynamic equation is not 
achieved because of the approximations in Taylor’s series. ߚ and ߛ are real positive 
numbers approaching to the afore-mentioned values. 
In Newmark’s methods: 
 
                                                         ߚ ് 0.0                                                           (51) 
 
In the proposed method: 
 
                                               ߚ ് 0.0  and  ߛ ് 1/6                                             (52) 
 
13. Illustrative numerical examples  
To verify the accuracy of the proposed method, an attempt is made to analyze two 
structural examples applying the proposed method, Newmark’s method and closed 
form solution.  
 
13.1 Example 1: A MDOF system without damping 
A given system with the governing equilibrium equations as follow: 
 
                                 ቂ2 00 1ቃ ቈ
ሷܷଵሷܷ ଶ቉ ൅ ቂ
6 െ2
െ2 4 ቃ ൤
ଵܷܷଶ൨ ൌ ቂ
0
10ቃ                                  (53) 
 
∆ݐ ൌ 0.28,  ଴ܷ ൌ ሶܷ଴ ൌ ቂ00ቃ ,	ߚ ൌ 0.25  and	ߛ ൌ 0.5 (Bathe, 1990).  
 
As mentioned before in special case of ߛ ൌ 0.5, the proposed method is 
identically converted to Newmark’s method, therefore the value of ߛ is assumed 0.4.  
The exact analytical solution of displacements is taken by: 
 
                             ቐ
ଵܷሺݐሻ ൌ 1 െ 5/3ܿ݋ݏ	√2ݐ ൅ 2/3ܿ݋ݏ√5ݐ
ܷଶሺݐሻ ൌ 3 െ 5/3ܿ݋ݏ	√2ݐ െ 4/3ܿ݋ݏ√5ݐ
                                 (54) 
 
where	ݐ ൌ 2.8		ݏ. 
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13.2 Results and discussion on example 1 
Figures 4-6 show the comparison of displacement, velocity and acceleration, 
respectively, for all the three methods. It is evident from the plots that the results of 
the proposed method are more exact than Newmark’s method in all aspects and are 
closer to exact solution with marginal error. Especially the displacements at final 
time steps are nearly identical to exact solution. Also, in the proposed method, the 
statistics parameters of structural responses such as the variance of each set of data 
including displacement, velocity and acceleration are less than those in Newmark’s 
method. 
The maximum and minimum percentages of accuracy in the proposed method 
are shown in Table 4. It can be observed that the percentage of accuracy in proposed 
method increases from displacement to velocity and acceleration, respectively (See 
Appendix B, Table B1). 
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Table 4: Percentage variation of accuracy in the proposed method for example 1 
No Figure no. 
Time 
(s) Structural response 
Structural response value in each method Percentage of accuracy 
(%) Newmark Present study Exact method 
1 5(a) 
0.56 
Velocity in x direction 
0.23251 0.27209 1.00654 5.1 
2.8 -1.25900 -1.13750 -1.03226 53.6 
2 5(b) 2.8 Velocity in y direction 
2.63855 2.57701 1.85579 7.9 
1.96 -1.97222 -1.47287 -1.60458 64.2 
3 6(a) 0.56 Acceleration in x direction  
1.21715 1.13073 1.16765 25.4 
1.12 2.69915 2.37829 2.37193 98.1 
4 6(b) 1.12 Acceleration in y direction  
-5.46434 -4.46518 -4.86197 34.1 
1.4 -8.57518 -7.31698 -7.19299 91 
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13.3 Example 2: A SDOF system with damping 
A SDOF system with the following properties is subjected to a half-cycle sine pulse 
force as shown in Figure 7. m = 0.2533 ݇݅݌ െ ݏଶ/in, k =10 kips/in, ௡ܶ ൌ 1	ݏ݁ܿ,	ߞ ൌ
0.05, ∆ݐ ൌ 0.1	ݏ, ܷ଴ ൌ ሶܷ଴ ൌ 0,	ߚ ൌ 0.20  and	ߛ ൌ 0.85 (Chopra, 2007).  
 
The plots of displacements and velocities are shown in Figure 8. It is evident that the 
displacement variations captured from Figure 8(a) are almost the same as that of 
exact solution. 
 
13.4 Results and discussion on example 2 
The statistics parameters of structural responses especially variance of the data in the 
proposed method is lower than those in Newmark’s method. The maximum and 
minimum percentages of accuracy in the proposed method are given in Table 5. It is 
clear that the percentage of accuracy in the proposed method is improving from 
velocity to acceleration (See Appendix B, Table B2). 
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Table 5: Percentage variation of accuracy in the proposed method for example 2 
No Figure no. 
Time 
(s) Structural response 
Structural response value in each method Percentage of accuracy 
(%) Newmark Present study Exact method 
1 8(a) 0.20 Displacement 0.2774 0.1937 0.2332 10.6 
0.90 -0.6373 -0.7723 -0.7751 98 
2 8(b) 
0.20 
Velocity  
3.5300 2.8797 3.1383 34 
0.80 -6.3401 -9.5654 -9.0808 82.3 
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14. Parametric studies 
 
14.1 The effect of  ∆ݐ  
To examine the effect of ∆ݐ, the horizontal accelerations in example 1 for both 
methods are re-analyzed and shown in Figure 9 for different values of ∆ݐ from ∆ݐ 
=0.0028 to 0.56 s and compared to exact value.  
It can be concluded from these plots that the proposed method is more stable than 
Newmark’s method and can approximate the structural responses of the system more 
exactly than that the other one, at any value of time step. The proposed method gives 
more exact results at smaller values of time step, which represents fewer numbers of 
computation cycles and is eventually less time-consuming. 
 
14.2 The effect of coefficients  ߛ and ߚ 
The velocity and acceleration in y-direction of example 1 for the proposed method 
are shown in Figure 10(a) and (b) for different values of coefficients ߛ and ߚ, 
respectively, as compared to exact solution. 
From Figure 10(a), it is observed that the increasing of the coefficient ߛ increases 
the accuracy of computations. Figure 10(b) shows the decreasing of the coefficient ߚ 
increases the accuracy of computations in the proposed method. 
 
15. Conclusion  
Based on the comparison of formulations, results, and parametric studies of both the 
proposed and Newmark’s methods with the exact solution and discussion, the 
following results can be drawn: 
 
 In the proposed method, the data variance of each set of structural responses 
such as displacement, velocity, or acceleration in different time steps is less 
than those in Newmark’s method. 
 For a SDOF system without damping, the accuracy of displacement and 
velocity is more sensible than acceleration. 
 Based on the proposed method, the accuracy of structural responses for a 
MDOF system is always higher than that of a SDOF system. 
 Either the increase of the coefficient γ or the decrease of the coefficient β 
enhances the accuracy of computations. 
 The proposed method is more accurate and stable than Newmark’s method 
and is capable of analysing the structure at fewer numbers of iteration or 
computation cycles, hence less time-consuming 
 The percentage of the accuracy in the proposed method increases from 
displacement to other structural responses including velocity and 
acceleration, respectively. 
 
References 
 
Bajer, C. (2002), Time Integration Methods – Still Questions, edited by Szczesniak, 
W., Vol. 1, Theoretical Foundations of Civil Engineering, Zilina, pp. 45-54. 
Bardella, L. and Genna, F. (2005), “Newmark’s time integration method from the 
discretization of extended functional”, Journal of Applied Mechanics, Vol. 
72, pp. 527-537.  
Bathe, K.J. (1990), Finite Element Procedures in Engineering Analysis, Prentice-
Hall, Upper Saddle River, NJ. 
Bathe, K.J. and Wilson, E.L. (1973), “Stability and accuracy analysis of direct 
integration methods”, Earthquake Engineering and Structural Dynamics, 
Vol. 1, pp. 283-291. 
Chang, S.Y. (2004), “Studies of Newmark’s method for solving nonlinear systems 
(I) basic analysis”, Journal of the Chinese Institute of Engineers, Vol. 27, pp. 
651-662.  
20 
 
Chopra, A.K. (2007), Dynamic of Structures: Theory and Applications to 
Earthquake Engineering, 3rd ed., Prentice-Hall, Upper Saddle River, NJ. 
Coyette, J.P. (1987), “A generalized mixed time integration program for structural 
dynamics”, Engineering Computations, Vol. 4, pp. 53-63.  
Curtis, C.W. (1984), Linear Algebra: An Introductory Approach, Springer, New 
York, NY, p. 26. 
Hibler, H.M., Hughes, T.J.R. and Taylor, R.L. (1977), “Improved numerical 
dissipation for time integration in structural dynamics”, Earthquake 
Engineering and Structural Dynamics, Vol. 5, pp. 283-292. 
Kim, S.J., Cho, J.Y. and Kim, W.D. (1997), “From the trapezoidal rule to higher-
order accurate and unconditionally stable time-integration method for 
structural dynamics”, Computer Methods in Applied Mechanics and 
Engineering, Vol. 149, pp. 73-88. 
Leithold, L. (1976), The Calculus, with Analytic Geometry: Functions of One 
Variable, Plane Analytic Geometry, Harper & Row, New York, NY. 
Logan, D.L. (2001), A First Course in the Finite Element Method Using Algor, 2nd 
ed., PWS Publishing Company, Boston, MA. 
Lopez, S. (2006), “Changing the representation and improving stability in time-
stepping analysis of structural nonlinear dynamics”, Journal of Nonlinear 
Dynamics, Vol. 46, pp. 337-348. 
Negrut, D., Rampalli, R., Ottarsson, G. and Sajdak, A. (2002), “On the use of the 
HHT method in the context of index 3 differential algebraic equations of 
multibody dynamics”, International Journal for Numerical Methods in 
Engineering, Vol. 2 No. 2, pp. 1-25. 
Newmark, N.M. (1959), “A method of computation for structural dynamics”, 
Journal of Engineering Mechanics Division, ASCE, Vol. 85, pp. 67-94. 
Nyhoff, L.R. and Leestma, S.C. (1997), Introduction to FORTRAN 90 for Engineers 
and Scientists, Prentice-Hall, Upper Saddle River, NJ. 
Ortiz, M., Nour-Omid, B. and Sotelino, E.D. (1988), “Accuracy of a class concurrent 
algorithms for transient finite element analysis”, International Journal for 
Numerical Methods in Engineering, Vol. 26, pp. 379-391. 
Park, K. and Housner, J.M. (1982), “Semi-implicit transient analysis procedures for 
structural dynamics analysis”, International Journal for Numerical Methods 
in Engineering, Vol. 18, pp. 609-622. 
Park, K.C. (1977), “Practical aspects of numerical time integration”, Computers & 
Structures, Vol. 7, pp. 343-353. 
Paz, M. (1980), Structural Dynamics, Theory and Computation, Litton Educational 
Publishing, New York, NY. 
Pedersen, R.R. (2004), Notes on Dynamics, Delft University of Technology, Delft, 
pp. 1-25. 
Rama Mohan Rao, A., Appa Rao, T.V.S.R. and Dattaguru, B. (2004), “India: 
comparative efficiencies of three parallel algorithms for nonlinear implicit 
transient dynamic analysis”, Sadhana, Vol. 29 No. 1, pp. 57-81. 
Rezaiee-Pajand, M. and Alamatian, J. (2008), “Numerical time integration for 
dynamic analysis using a new higher order predictor-corrector method”, 
Engineering Computations International Journal for Computer-Aided 
Engineering and Software, Vol. 25 No. 6, pp. 541-568. 
Smith, Y.M. (1995), Programming in FORTRAN 90: A First Course for Engineers 
and Scientists, Wiley, Hoboken, NJ. 
Sterling, M.J. (2009), Linear Algebra for Dummies, Wiley, New York, NY, p. 129. 
Truhillo, D.M. (1977), “An unconditionally stable explicit algorithm for structural 
dynamics”, International Journal for Numerical Methods in Engineering, 
Vol. 11, pp. 1579-1592. 
Williams, M.S. (2007), “Real-time hybrid testing in structural dynamics”, 5th 
Australasian Congress on Applied Mechanics, ACAM, Brisbane, Australia, 
10-12 December, pp. 1-10. 
Wilson, E.L. (1962), “Lisbon, Portugal, dynamic response by step-by-step matrix 
analysis”, Proceedings, Symposium on the Use of Computers in Civil 
Engineering, Labortorio Nacional de Engenharia Civil, 1-5 October. 
21 
 
Wilson, E.L., Farhoomand, I. and Bathe, K.J. (1973), “Nonlinear dynamic analysis 
of complex structures”, Earthquake Engineering and Structural Dynamics, 
Vol. 1, pp. 241-252 (for effect of Tita in Newmark). 
Wood, W.L., Bossak, M. and Zienkiewicz, O.C. (1981), “An alpha modification of 
Newmark’s methods”, International Journal for Numerical Methods in 
Engineering, Vol. 15, pp. 1562-1566. 
 
 
 
Appendix A 
The Newmark’s family 
In 1959 Nathan M. Newmark proposed a method to solve the dynamics equilibrium 
equation considering the linear acceleration in time steps and using Taylor’s series 
to formulate in two cases of with and without damping which are explained as 
follows (Leithold, 1976; Pedersen, 2004). 
 
a) Without damping. Write the equation of structural dynamic equilibrium at 
time ݐ ൅ ∆ݐ (Mario Paz, 1980): 
 
                                  ሾܯሿ ሷܷ ௧ା∆௧ ൅ ሾܥሿ ሶܷ ௧ା∆௧ ൅ ሾܭሿ ௧ܷା∆௧ ൌ ܨ௧ା∆௧                          (A1) 
 
The equations of structural responses are taken as follows: 
 
௧ܷା∆௧ ൌ ቄܨ௧ା∆௧ ൅ ଵఉ∆௧మ ሾܯሿሾ ௧ܷ ൅ ∆ݐ ሶܷ ௧ ൅ ሺ
ଵ
ଶെߚሻ∆ݐଶ ሷܷ ௧ሿቅ ቄሾܭሿ ൅
ଵ
ఉ∆௧మ ሾܯሿቅ
ିଵ
      (A2) 
 
                            ሷܷ ௧ା∆௧ ൌ ଵఉ∆௧మ ሾ ௧ܷା∆௧ െ ௧ܷ െ ∆ݐ ሶܷ ௧ െ ሺ
ଵ
ଶെߚሻ∆ݐଶ ሷܷ ௧ሿ                   (A3) 
 
                               ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ሺ1 െ ߛሻ∆ݐ ሷܷ ௧ ൅ ߛ∆ݐ ሷܷ ௧ା∆௧                                 (A4) 
 
b) With damping. The equation of  ௧ܷା∆௧ is: 
 
௧ܷା∆௧ ൌ
൛ܨ௧ା∆௧ ൅ ሾܯሿሾߙ଴ ௧ܷ ൅ ߙଵ ሶܷ ௧ ൅ ߙଷ ሷܷ ௧ሿ ൅ ሾܥሿሾߙଵ ௧ܷ ൅ ߙସ ሶܷ ௧ ൅ ߙହ ሷܷ ௧ሿൟሼߙ଴ሾܯሿ ൅
ߙଵሾܥሿ ൅ ሾܭሿሽିଵ                                                                                                       (A5) 
     
where, ߙ଴ ൌ 	1/ሺߚ∆ݐଶሻ; ߙଵ ൌ ߛ/ሺߚ∆ݐሻ; ߙଶ ൌ 1/ሺߚ∆ݐሻ; ߙଷ ൌ 1/ሺ2ߚሻ െ 1; 
ߙସ ൌ ߛ/ߚ െ 1; ߙହ ൌ ∆ݐሺఊఉ െ 2ሻ/2; ߙ଺ ൌ ∆ݐሺ1 െ ߛሻ and ߙ଻ ൌ ߛ∆ݐ  (Wilson, 1962). 
 
Re-write equations (A3) and (A4): 
 
                                   ሷܷ ௧ା∆௧ ൌ ߙ଴ሺ ௧ܷା∆௧ െ ௧ܷሻ െ ߙଶ ሶܷ ௧ െ ߙଷ ሷܷ ௧                            (A6) 
 
                                             ሶܷ ௧ା∆௧ ൌ ሶܷ ௧ ൅ ߙ଺ ሷܷ ௧ ൅ ߙ଻ ሷܷ ௧ା∆௧                                  (A7) 
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Appendix B 
Table B1: Structural responses of the system from different methods - Example 1 
No Time 
(s) 
Force 
(kN) 
Newmark’s method Proposed method Exact analytical solution 
Displacement 
(cm) 
Velocity 
(cm /s) 
Acceleration 
(cm / sଶ) 
Displacement 
(cm) 
Velocity 
(cm /s) 
Acceleration 
(cm / sଶ) 
Displacement 
(in) 
Velocity 
(in/s) 
Acceleration 
(in/ sଶ) 
1 0.00 0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00 10 0.00000 0.00000 10.00000 0.00000 0.00000 10.00000 0.00000 0.00000 10.00000 
2 0.28 0 0.00673 0.03848 0.34355 0.00912 0.05210 0.32562 0.07738 0.54548 0.33690
0.28 10 0.36375 2.63855 8.55848 0.35298 2.57701 8.60633 1.26706 1.85579 7.62977 
3 0.56 0 0.04810 0.23251 1.21715 0.05901 0.27209 1.13073 0.29755 1.00654 1.16765 
0.56 10 1.36144 4.59723 4.65045 1.30777 4.39169 4.88696 1.98431 3.13008 3.98677 
4 0.84 0 0.17996 0.68216 2.18903 0.20339 0.72505 1.98297 0.62643 1.31183 2.02875 
0.84 10 2.72891 5.31626 -0.55574 2.59313 4.98360 0.03425 2.92911 3.44301 -0.69535 
5 1.12 0 0.46678 1.35223 2.69915 0.49520 1.34354 2.37829 1.01312 1.41409 2.37193 
1.12 10 4.09947 4.61089 -5.46434 3.86390 4.27328 -4.46518 3.81689 2.74443 -4.86197 
6 1.40 0 0.94311 2.06172 2.28602 0.95257 1.94058 1.94782 1.39779 1.29751 1.80646 
1.40 10 5.11535 2.73246 -8.57518 4.80553 2.56674 -7.31698 4.39772 1.32232 -7.19299 
7 1.68 0 1.58076 2.53470 0.79401 1.53505 2.27321 0.61807 1.72089 0.98012 0.28765 
1.68 10 5.53628 0.28566 -8.98362 5.22323 0.43705 -7.82281 4.53766 -0.31000 -7.06330 
8 1.96 0 2.27625 2.49790 -1.51958 2.14109 2.13374 -1.33524 1.93242 0.51105 -1.82600 
1.96 10 5.30918 -1.97222 -6.68422 5.08803 -1.47287 -6.06994 4.25618 -1.60458 -4.73980 
9 2.24 0 2.86698 1.79177 -4.02534 2.62948 1.43581 -3.36067 1.99966 -0.03711 -3.87521 
2.24 10 4.57561 -3.38283 -2.56846 4.52778 -2.65761 -2.85216 3.70757 -2.17567 -1.24647 
10 2.52 0 3.17401 0.45394 -5.90695 2.85924 0.26323 -4.80811 1.91218 -0.57953 -5.12788 
2.52 10 3.61507 -3.60291 1.88773 3.76963 -2.89747 0.63999 3.11506 -1.92973 2.04615 
11 2.80 0 3.05923 -1.25900 -6.43365 2.73494 -1.13750 -5.14847 1.68353 -1.03226 -5.04986 
2.80 10 2.74405 -2.70984 5.14228 3.05635 -2.30156 3.24449 2.68378 -1.08189 3.94793 
12 3.08 0 2.47814 -2.92541 -5.22817 2.24228 -2.42099 -4.16047 1.34910 -1.32524 -3.51668 
3.08 10 2.20625 -1.15923 6.13127 2.56638 -1.23717 4.21904 2.52598 -0.05546 3.89145 
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Table B2: Structural responses of the system from different methods - Example 2 
No Time 
(s) 
Force 
(lb) 
Newmark’s method Proposed method Exact analytical solution 
Displacement 
(in) 
Velocity 
(in/s) 
Acceleration 
(in/ ݏଶ) 
Displacement 
(in) 
Velocity 
(in/s) 
Acceleration 
(in/	ݏଶ) 
Displacement 
(in) 
Velocity 
(in/s) 
Acceleration 
(in/ ݏଶ) 
1 0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 * 
2 0.10 5.0000 0.0349 1.4817 17.4320 0.0181 0.7688 18.5422 0.0328 0.9567 * 
3 0.20 8.6602 0.2774 3.5300 21.0211 0.1937 2.8797 24.7322 0.2332 3.1383 * 
4 0.30 10.000 0.7105 4.5724 8.5543 0.5939 4.8655 12.9759 0.6487 4.9674 * 
5 0.40 8.6603 1.1654 3.5087 -14.0236 1.1198 5.0774 -13.2074 1.1605 4.8408 * 
6 0.50 5.0000 1.4026 0.2558 -35.7951 1.5330 2.5470 -42.3822 1.5241 1.9783 * 
7 0.60 0.0000 1.2290 -4.1820 -45.8930 1.5586 -2.4221 -60.0097 1.4814 -3.0848 * 
8 0.70 0.0000 0.6316 -6.6355 -20.7661 1.0394 -7.4424 -36.3584 0.9245 -7.6346 * 
9 0.80 0.0000 -0.0800 -6.3401 7.1403 0.1490 -9.5654 0.1291 0.0593 -9.0808 * 
10 0.90 0.0000 -0.6373 -3.8867 27.6036 -0.7723 -8.0830 35.5702 -0.7751 -7.0771 * 
11 1.00 0.0000 -0.8736 -0.5137 34.8107 -1.3820 -3.6436 56.8505 -1.2718 -2.5754 * 
* Not given 
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Figure 1: The flowchart of methodology adapted in the present study 
 
 
 
 
 
 
 
 
Overall methodology of the present study 
1. Review the numerical time integration methods  
2. Mathematical formulations of the proposed method
 3. Combination of mathematical formulation and dynamic equation 
 -  Multiply displacement equation by mass matrix 
 -  Substitute velocity and acceleration equations in previous equation 
 -  Obtain a new equation for displacement 
 5. Comparison with Newmark’s methods 
-  Comparison of formulations 
-  Comparison of coefficients 
 6. Verification of the accuracy of the proposed method 
-  Solve two examples for SDOF and MDOF systems using Newmark’s method 
-  Solve the examples using the proposed method 
-  Solve the examples using the analytical solutions 
- Compare the results of both methods with exact solutions, discuss and
l d
 4. Transformation of the formulations in matrix notation
 -  Substitute all structural responses in general equation of structural dynamics 
 -  Calculate all coefficients 
-  Express the displacement, velocity and acceleration using Taylor’s series  
   expansion 
-  Consider first three terms in Taylor’s series expansion of acceleration  
-  Define a parabolic relationship between any two consequent time steps 
-  Employ one more equations from Math to create a set of equations with 4 
    unknowns 
- Solve the set of equation using successive substitution method and find the 
  structural responses 
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   Figure 2: Parabolic representation between two successive time steps 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                 Figure 3: The flowchart of the proposed method for any structural system 
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a) Displacement in x-direction  
 
 
 
 
 
 
 
 
 
 
 
 
b) Displacement in y-direction  
Figure 4: Comparison of the displacements of the system from different methods 
(example 1) 
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a) Velocity in x-direction  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) Velocity in y-direction  
Figure 5: Comparison of the velocities of the system from different methods 
(example 1) 
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a) Acceleration in x-direction  
 
 
 
 
 
 
 
 
 
 
 
 
b) Acceleration in y-direction  
Figure   6: Comparison of the Accelerations of the system from different methods 
(example 1) 
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(a) Dynamic model of the system 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
              
 (b) The curve of the external force  
 
Figure 7: A single degree of freedom system under dynamic loading (example 2) 
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a) Displacement 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) Velocity 
Figure 8: Comparison of the structural responses of the SDOF system for different 
methods (example 2) 
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                      (a)  ∆ݐ =0.56 s 
 
                      
 
 
 
 
 
                    
 
   (b) ∆ݐ =0.28 s 
 
 
 
 
 
 
 
 
 
                 (c) ∆ݐ =0.140 s 
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                         (d) ∆ݐ =0.056 s 
 
                                
 
 
 
               
 
 
 
                (e) ∆ݐ =0.028 s 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        (f) ∆ݐ =0.0028 s 
             Figure 9: Horizontal accelerations of example 1 at different time steps for 
both methods 
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 (a) Velocity in y-direction for different values of ߛ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (b) Acceleration in y-direction for different values of ߚ 
Figure 10: Structural responses in y-direction of example 1 for the proposed method 
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